In this paper, we study the classes of rings in which every proper (regular) ideal can be factored as an invertible ideal times a nonempty product of proper radical ideals. More precisely, we investigate the stability of these properties under homomorphic image and their transfer to various contexts of constructions such as direct product, trivial ring extension and amalgamated duplication of a ring along an ideal. Our results generate examples that enrich the current literature with new and original families of rings satisfying these properties.
Introduction
The opening part is devoted to some standard background material. Throughout this paper all rings are commutative with a nonzero unit and all modules are unitary. For a ring A and an A-module E, we shall use Z(A) to denote the set of zero-divisors of A and refer to an element that is not contained in Z(A) as being regular. Also, we will denote by Z(E) the set of zero-divisors on E. A regular ideal is an ideal that contains at least one regular element. For any undefined terminology see [9] and [12] .
In [1] , T. Dumitrescu and the first author of the current note introduced and studied the notion of ISP-domain, that is, integral domain whose ideals can be factored as an invertible ideal times a nonempty product of proper radical ideals (this terminology comes from "invertible semiprime ideal"). They proved that if A is an ISP-domain, then any factor domain of A and any (flat) overring of A are also ISP-domains. They also showed that if A is an ISP-domain, then A is strongly discrete Prüfer (i.e. a Prüfer domain having no idempotent prime ideal except the zero ideal) and every nonzero prime ideal of A is contained in a unique maximal ideal. The relevant background on the underlying domain-theoretic properties and their generalizations is presented in the following paragraph.
In [20] , N. Vaughan and R. Yeagy introduced the class of SP-domains i.e. domains whose proper ideals are product of radical ideals (see also [17] ). In [2] , T. Dumitrescu and the first author of the current note generalized the study of SP property to the context of arbitrary rings in two ways as follows. A ring A is called an SP-ring (resp. SSP-ring) if each proper regular ideal (resp. ideal) is a product of radical ideals. In [18, 19] , Olberding introduced and studied the following class of rings. A ring A is called a ZPUI-ring, if every proper ideal of A can be factored as an invertible ideal times a nonempty product of prime ideals.
The following construction was introduced by Nagata [16, p. 2] . The trivial ring extension of a ring A by an A-module E (also called the idealization of E over A) is the ring A ∝ E whose underlying group is A × E with multiplication given by (a, e)(b, f ) = (ab, af + be). For more details on trivial ring extensions, we refer the reader to Glaz's and Huckaba's respective books [10, 12] . We also refer D. D. Anderson and M. Winders relatively recent and comprehensive survey paper [4] . These have proven to be useful in solving many open problems and conjectures for various contexts in (commutative and non-commutative) ring theory, see for instance [3, 4, 5, 12, 13] .
The amalgamated duplication of a ring A along an ideal I, introduced and studied by D'Anna and denoted by A ⊲⊳ I, is the following subring of A × A (endowed with the usual componentwise operations):
Note that if I 2 = 0, then this construction A ⊲⊳ I coincides with the trivial ring extension A ∝ E. One main difference between A ⊲⊳ I and A ∝ E is that the former ring can be a reduced ring, for example, it is always reduced if A is an integral domain. Motivations and additional applications of the amalgamated duplication are discussed in more detail in [6, 7, 8] .
In this note, we extend ISP-domain concept to rings with zero-divisors in two different ways. Section 2 is devoted to the study of the first class of rings in which every proper regular ideal can be factored as an invertible ideal times a nonempty product of proper radical ideals (called by us ISP-rings). Also, we investigate the stability of this property under regular localization and homomorphic image, and its transfer to various contexts of constructions such as direct product (Proposition 2.2), trivial ring extension (Theorem 2.7) and amalgamated duplication of a ring along an ideal (Theorem 2.12).
Section 3 deals with the study of ISP-rings which are also Marot (i.e. rings whose regular ideals are generated by regular elements, see [12, p. 31] ). Among other useful results we also prove that any ISP-ring A whose regular prime ideals are maximal, is an N -ring, that is, A (M ) is a discrete rank one Manis valuation ring for each regular maximal ideal M of A (Theorem 3.5). This result extends [1, Corollary 1] . Here A (M ) is the regular localization of A at M , that is, the fraction ring A S where S = Reg(A) ∩ (A − M ). As a consequence of Theorem 3.5, we prove that any regular-Noetherian ISP-ring is Dedekind, that is, a ring whose regular ideals are product of prime ideals (Corollary 3.6). Section 4 is devoted to the class of rings in which every proper ideal can be factored as an invertible ideal times a nonempty product of proper radical ideals (called by us strongly ISP-ring). Similar as for ISP-ring case, we investigate the stability of this property under factor, fraction and finite direct product ring formations (Proposition 4.2). Further, we also study its transfer to various contexts of constructions such as trivial ring extension (Theorem 4.13) and amalgamated duplication of a ring along an ideal (Theorem 4.15) . Besides this and other useful results we also prove that any strongly ISP-ring A whose nonzero prime ideals are maximal, is an almost multiplication ring, that is, for every prime ideal P , the localization A P is a discrete rank one valuation domain or a special primary ring (Theorem 4.9). This is another extension of [1, Corollary 4] . As a consequence of Theorem 4.9, we prove that any Noetherian strongly ISP-ring is ZPI, that is, a ring whose proper ideals are product of prime ideals (Corollary 4.10).
As we proceed to study the above-mentioned classes of rings, the reader may find it helpful to keep in mind the implications noted in the following figure. 
ISP-rings
We shall begin with the following definition.
Definition 2.1. A is said to be an ISP-ring if every proper regular ideal of A can be factored as an invertible ideal times a nonempty product of proper radical ideals.
Thus a domain is an ISP-ring if and only if it is an ISP-domain. Total quotient rings and SP-rings are clearly ISP-rings. Let A be a ring and I an ideal of A. Recall from [12] that I is an invertible ideal if and only if I is a finitely generated regular ideal and for each maximal ideal M of A, I M is a principal ideal of A M . We start by the following proposition in which we investigate the transfer of the ISP-ring property to finite direct product rings.
Proposition 2.2. Let B be a finite direct product of some family of rings (A i ) i=1,...,n . Then B is an ISP-ring if and only if each A i is an ISP-ring.
Proof. The proof is done by induction on n and it suffices to check it for n = 2. Assume that A 1 and A 2 are ISP-rings. If I is a proper regular ideal of B = A 1 × A 2 , then I = I 1 × I 2 , where I 1 and I 2 are regular ideals of A 1 and A 2 respectively. By assumption each I i can be factored as an invertible ideal times a nonempty product of proper radical ideals. On the other hand, it is well known that the direct product of invertible ideals is invertible. Hence I can also be factored as an invertible ideal times a nonempty product of proper radical ideals. Therefore, B is an ISP-ring. Conversely, assume that B is an ISP-ring. Let I (resp. J) be a proper regular ideal of A 1 (resp. A 2 ). Then I × A 2 (resp. A 1 × J) can be factored as an invertible ideal times a nonempty product of proper radical ideals of A 1 ×A 2 , as desired.
The following proposition examine the transfer of ISP-ring property to homomorphic images. 
is regular} the regular localization of A at P . Here T (A) denotes the total quotient ring of A.
Proposition 2.5. Let A be an ISP-ring and S a multiplicatively closed set which consists only regular elements. Then A S is an ISP-ring (in particular,
Proof. Note that if I is a proper regular ideal of A S , then Q = I ∩ A is a proper regular ideal of A. By assumption, Q = JH 1 · · · H n where J is an invertible ideal, n ≥ 1 and all H i 's are proper radical ideals. Hence I = QA S = (JA S )(H 1 A S ) · · · (H n A S ) where JA S is an invertible ideal and each H i A S a radical ideal. To finish the argument, we claim that H i ∩S = ∅ for at least one i. If not, then I = JA S . Therefore, J ⊆ JA S ∩ A = I ∩ A = Q ⊆ J and hence J = JH 1 · · · H n , a contradiction since J is invertible.
In general, localization and factor ring of an ISP-ring need not to be ISP-rings as shown in the following example. 
Our next result studies the possible transfer of the ISP-ring property between a ring A and the trivial ring extension
n ≥ 1 and all H i 's are proper radical ideals of A . We get I = JH 1 · · · H n . Conversely, let L be a proper regular ideal of A ∝ E. By [4, Theorem 3.9], L = I ∝ E where I is a proper regular ideal of A such that I ∩ S = ∅ since E = sE for every s ∈ S. By our assumption, we can write I = J H 1 · · · H n with J an invartible ideal of A, n ≥ 1 and all H i 's are proper radical ideals of A. Example 2.10. Let C be an SP-domain but not Dedekind, M = qC a maximal principal ideal of C and D a discrete rank one valuation domain with quotient field C/M . Assume there exists a unit p of C such that φ(p) generates the maximal ideal of D, where φ : (1) If A ⊲⊳ I is an ISP-ring then so is A.
(2) Assume that I = aI for each a ∈ Reg(A). Then A ⊲⊳ I is an ISPring if and only if so is A.
The next lemmas prepare the way. Proof. (1) ⇒ (2). Let i ∈ I and a ∈ Reg(A). Clearly, (a, a) is a regular element of A ⊲⊳ I. By hypothesis, the ideal generated by (a, a) contains 0×I and hence (0, i) = (a, a)(0, j) = (0, aj) for some j ∈ I. Therefore, i = aj, as desired.
(2) ⇒ (1). Let J be a regular ideal of A ⊲⊳ I and (a, a + i) a regular element of J. It follows from the general formula of Z(A ⊲⊳ I) that a and a + i are regular elements of A. We aim to prove that 0 × I ⊆ J. If h ∈ I, then there exists j ∈ I such that h = (a + i)j. Then (0, h) = (0, j)(a, a + i) ∈ J and therefore J has the form H ⊲⊳ I where H is a regular ideal of A. This completes the proof. Proof. Suppose that J is finitely generated, say J = n i=0 Aa i . Clearly n i=0 (A ⊲⊳ I)(a i , a i ) ⊆ J ⊲⊳ I. Now, let (a, a + j) ∈ J ⊲⊳ I, we have (a, a + j) = ( n i=0 α i a i , n i=0 α i a i + j). Since I = aI for each a ∈ Reg(A), we get j = zk, where z is a regular element of J. Then j = n i=0 β i ka i and hence (a, a
Therefore J ⊲⊳ I is finitely generated, as desired.
Proof of Theorem 2.12
(1) Note that if Q is a regular ideal of A, then Q ⊲⊳ I is a regular ideal of A ⊲⊳ I. Since A ⊲⊳ I is an ISP-ring, we cant write Q ⊲⊳ I = JH 1 · · · H n white J an invertible ideal, n ≥ 1 and all H i 's are proper radical ideals. Further, as J and each H i contains 0 × I, therefore J = J ⊲⊳ I and H i = H i ⊲⊳ I, where J is an invertible ideal of A by Lemma 2.14 and each H i a proper radical ideal of A. Hence Q = J H 1 · · · H n .
(2) By (1) it suffices to prove that if A is an ISP-ring then A ⊲⊳ I is an ISPring. Let L be a proper regular ideal of A ⊲⊳ I. By Lemma 2.13, L = Q ⊲⊳ I where Q is a proper regular ideal of A. As A is an ISP-ring, we can write Q = JH 1 · · · H n with J an invertible ideal, n ≥ 1 and all H i 's are radical ideals. Then Q ⊲⊳ I = (JH 1 · · · H n ) ⊲⊳ I = (J ⊲⊳ I)(H 1 ⊲⊳ I) · · · (H n ⊲⊳ I) since I = aI for each a ∈ Reg(A). Clearly J ⊲⊳ I is regular, locally principal and finitely generated by Lemma 2.15 and hence J ⊲⊳ I is an invertible ideal. Also, each H i ⊲⊳ I is a proper radical ideal, therefore A ⊲⊳ I is an ISP-ring. By using the above results on trivial ring extension and amalgamated duplication, we give examples of ISP-rings. We conclude the section by the following remark.
Remark 2.18. We cannot obtain nontrivial examples of ISP-rings A ⊲⊳ I starting with a total quotient ring A. Indeed, if A is a total quotient ring, then so is A ⊲⊳ I (and hence it is an ISP-ring). To see this, if (a, b) ∈ A ⊲⊳ I is a regular element, then a, b are regular elements in A (hence units) and
Marot ISP-rings
All the rings in this section are Marot, that is, their regular ideals are generated by regular elements (see [12, p. 13] ). Proof. By Proposition 2.5, we may assume that A has only one regular maximal ideal M . Suppose that P M 2 . As A is a Marot ring, we get x ∈ M \P a regular element of M . Since A is an ISP-ring, (P, x 2 ) is a radical ideal. Then (P, x 2 ) = (P, x) since P M 2 , which gives a contradiction after moding out by P . Proof. P is regular and P ⊂ I, so I −1 P ⊂ A is a regular ideal of A. As A is an ISP-ring, we can write I −1 P = JH 1 · · · H n with J an invertible ideal, n ≥ 1 and all H i 's are proper radical ideals. Therefore, P = W I where W = JH 1 · · · H n . Since P is a prime ideal and I P , we get W = P . Thus P = IP , as desired. Proof. By Proposition 2.5, we may assume that M is the only regular maximal ideal of A. We show that M is not idempotent. On contrary assume that M 2 = M . Note that (P, x) = M is the only radical ideal containing (P, x). As A is an ISP-ring and M = M 2 , we get (P, x) = JM for some invertible ideal J of A. Also P ⊂ JM implies J P , otherwise P = J ⊆ JM which is impossible. Hence by Proposition 3.2, P = JP . From x ∈ JM , we get x = yz for some y ∈ J and z ∈ M . Now JM = (JP, yz) ⊆ (JP, Jz) implies M = (P, z), so M/P is a nonzero principal idempotent maximal ideal of A/P , a contradiction. Thus M is not idempotent and let us pick a regular element π ∈ M − M 2 . By Proposition 3.1, M is the only regular prime ideal containing π, so πA = M because A is an ISP-ring.
An ideal I of a ring A is called zero-dimensional if the factor ring A/I is zero-dimensional. Recall that a ring A is an N -ring if A (M ) is a discrete rank one Manis valuation ring for each regular maximal ideal M of A (see [11] and [14] Proof. Let A be an ISP-ring such that every regular prime ideal of A is maximal. We may assume that A is not a total quotient ring. Let M be a regular maximal ideal of A. By Proposition 2.5, A (M ) is an ISP-ring. Changing A by A (M ) , we may assume that M is the only regular prime ideal of A. Let x ∈ M be a regular element of A. Since M is the only regular prime ideal of an ISP-ring A, therefore xA = JM n with an invertible ideal J and n ≥ 1. So M is invertible and hence not idempotent. Let H be any finitely generated proper regular ideal of A. As A is an ISP-ring, we get H = J M k for some invertible ideal J and k ≥ 1. Therefore H being a product of two invertible ideals is invertible and hence A is a Prüfer ring. Thus, by [14, Theorem 3] A is an N -ring.
Recall that a regular-Noetherian ring is a ring whose regular ideals are finitely generated. Corollary 3.6. For a ring A the following assertions are equivalent.
(1) A is a Dedekind ring.
(2) A is a regular-Noetherian SP-ring.
(3) A is a regular-Noetherian ISP-ring.
Proof. For the equivalence of (1) and (2), see [2, Corollary 2.7]. (2) implies (3) is clear by definition. So we just require to prove (3) implies (1) . Let A be a regular-Noetherian ISP-ring. By [11, Theorem 17] , a regular-Noetherian N -ring is Dedekind so, following Theorem 3.5, it suffices to show that every regular prime ideal of A is maximal. Assume, to the contrary, that P ⊂ M are regular prime ideals of A. By Proposition 2.5, we may assume that M is the only regular maximal ideal of A. Let x ∈ P be a regular element of A. As A is an ISP-ring, we can write xA = JH 1 · · · H n with J an invertible ideal, n ≥ 1 and all H i 's are proper radical ideals. Since xA is generated by a regular element, therefore each radical ideal H i is invertible and hence, by Lemma 3.4, is zero-dimensional. As M is the only regular maximal ideal, we get xA = JM n and hence J ⊆ P . By the same argument as above we get J = J 1 M n 1 for some invertible ideal J 1 ⊆ P and n 1 ≥ 1. Therefore, inductively we get a chain of invertible ideals J ⊆ J 1 ⊆ . . . ⊆ J k . . . with J k−1 = J k M n k and n k ≥ 1. As A is regular-Noetherian, we get J k = J k M n k for some k ≫ 0. Thus A = M n k , a contradiction. This finishes the proof.
Strongly ISP-rings
In this section, we extend the notion of ISP-domain in the other way to setting of arbitrary rings. We call A a strongly ISP-ring if every proper ideal of A can be factored as an invertible ideal times a nonempty product of proper radical ideals. Clearly, strongly ISP-domains are exactely ISPdomains. ZPUI and von Neumann regular rings are trivial examples of strongly ISP-rings. Total quotient strongly ISP-rings are exactly SSP-rings as there is no proper regular ideal. Note that every strongly ISP-ring is an ISP-ring. The converse is not true in general, as the following example shows.
Example 4.1. Let (A, M ) be a local ring which is not reduced and E a nonzero A-module such that M E = 0. Then A ∝ E is an ISP-ring which is not strongly ISP. Indeed, clearly A ∝ E is a total quotient ring and hence an ISP-ring. Now, assume that 0 ∝ E = (J ∝ E)(H 1 ∝ E) · · · (H n ∝ E) with J ∝ E an invertible ideal, n ≥ 1 and all H i ∝ E's are proper radical ideals. If n = 1 we get JH 1 = 0 and hence H 1 = 0 since J is an invertible ideal of A, a contradiction. If n > 1 we get E = 0, again a contradiction.
Strongly ISP-ring property is stable under factor, fraction and finite direct product ring formations.
Proposition 4.2. The following assertions hold:
(1) If A is a strongly ISP-ring and I an ideal of A, then A/I is a strongly ISP-ring. (2) If S is a multiplicatively closed set of a strongly ISP-ring A, then A S is a strongly ISP-ring. (3) A finite direct product of some family of rings (A i ) i=1,...,n is strongly ISP-ring if and only if each A i is a strongly ISP-ring.
Proof. (1) Let L ⊇ I be a proper ideal of A. As A is a strongly ISPring, we can write L = JH 1 · · · H n with J an invertible ideal and all H i 's are proper radical ideals. Since all ideals J, H 1 , . . . , H n contain I, we get L/I = (J/I)(H 1 /I) · · · (H n /I). Clearly, J/I is an invertible ideal and each H i /I a radical ideal, as desired. The assertions (2) and (3) are easy to check. The following string of three lemmas are the straightforward translation from domain case to any arbitrary ring. The proofs are quite similar as for the domain case. Proof. By Proposition 4.2, we may assume that A is local with maximal ideal M . Assume that P M 2 and take x ∈ M \ P . Since A is a strongly ISP-ring and P M 2 , therefore (P, x 2 ) is a radical ideal. So (P, x 2 ) = (P, x) which gives a contradiction after moding out by P . Lemma 4.6. Let A be a strongly ISP-ring, P ⊂ M prime ideals and x ∈ M \ P such that M is minimal over (P, x). Then M A M is a principal ideal.
Proof. By Proposition 4.2, factor ring of strongly ISP-ring is strongly ISP. So, changing A by A/P , we may assume that P = 0 and M is minimal over xA. Now apply [1, Lemma 7] to get the desired result. Proof. Let A be a strongly ISP-ring and I a proper invertible radical ideal of A. On contrary assume that dim (A/I) ≥ 1. Then there exist two prime ideals P ⊂ M and x ∈ M − P such that I ⊆ P and M is minimal over (P, x). By Lemma 4.6, M A M is principal. Changing A by A M , we may assume that A is local with maximal ideal M . Then I = yA and M = zA for some regular elements y, z ∈ A. As I ⊂ M , we get y = az 2 for some a ∈ A. So az ∈ √ yA = yA and hence y = az 2 ∈ yzA. Thus 1 ∈ zA = M , a contradiction.
Recall that a ring A is called special primary if Spec(A) = {M } and each proper ideal of A is a power of M . Note that zero-dimensional rings are total quotient, that is, they have no non-unit regular element ( [12, p.10] ). Proof. It suffices to remark that A is an SSP-ring and M is the only radical ideal of A.
Recall that an almost multiplication ring is a ring whose localization at its prime ideals are discrete rank one valuation domains or special primary rings. The following result is an analogue of [1, Corollary 4] .
Theorem 4.9. Let A be a strongly ISP-ring such that every nonzero prime ideal of A is maximal. Then A is almost multiplication.
Proof. If A is one-dimensional ISP-domain then, by [1, Corollary 4] , A is almost Dedekind. Assume that dimension of A is zero. As remarked above A is total quotient, so A is an SSP-ring. By Proposition 4.2, we may assume that A is local with maximal ideal M and by Proposition 4.8, zero-dimensional local strongly ISP-rings are special primary, as desired.
Recall that a ring A is ZPI if every proper ideal of A is a product of prime ideals. The following result also extends [1, Corollary 4] . (1) A is a ZPI-ring.
(2) A is a Noetherian SSP-ring.
(3) A is a Noetherian strongly ISP-ring.
Proof. For the equivalence of (1) and (2) 
We get the following result, where Supp(E) denotes the support of an A-module E. Recall that an A-module E is simple if it has no proper nonzero submodule. Moreover, E is called divisible if for every regular element a ∈ A and for every e ∈ E there exists e ′ ∈ E such that e = ae ′ . Equivalently, E = aE for every regular element a ∈ A. Our next result gives necessary and sufficient conditions for particular trivial ring extension of A by E to be a strongly ISP-ring. Proof. Assume that A ∝ E is a strongly ISP-ring. By Proposition 4.11(a), A is a strongly ISP-domain (i.e. A is an ISP-domain). Let V be a nonzero submodule of E. Then we can write 0 ∝ V = (J ∝ E)(H 1 ∝ E) · · · (H n ∝ E) with (J ∝ E) an invertible ideal, n ≥ 1 and all H i ∝ E's are proper radical ideals. Since E is divisible, therefore 0 ∝ V = (JH 1 · · · H n ) ∝ E which gives V = E. Conversely, let L be an ideal of A ∝ E. By [4, Corollary 3.4] , L = I ∝ E for some ideal I of A. If I = 0, then by [4, Theorem 3.2] 0 ∝ E is a radical ideal of A ∝ E. So, assume that I = 0. Since A is a strongly ISP-ring, therefore I = J H 1 · · · H n , where J is an invertible ideal, n ≥ 1 and each H i a radical ideal. We get that L can be factored as an invertible ideal times a nonempty product of proper radical ideals, as desired.
Remark 4.14. In general, A ∝ E need not be a strongly ISP-ring. Indeed, let A be an ISP-domain, K = qf (A) and E a K-vector space such that dim K (E) > 1. By Proposition 4.13, A ∝ E is not a strongly ISP-ring.
The following result studies the strongly ISP-ring property for amalgamated duplication ring A ⊲⊳ I. (1) If A ⊲⊳ I is a strongly ISP-ring, then so is A.
(2) If I is a finitely generated idempotent ideal of A, then A ⊲⊳ I is a strongly ISP-ring if and only if so is A.
Proof.
(1) Let L be an ideal of A. As A ⊲⊳ I is a strongly ISP-ring, we can write L ⊲⊳ I = (J ⊲⊳ I)(H 1 ⊲⊳ I) · · · (H n ⊲⊳ I) with J ⊲⊳ I an invertible ideal, n ≥ 1 and all H i ⊲⊳ I,s are proper radical ideals. We get L = JH 1 · · · H n . By Lemma 2.14, J is invertible. Also, each H i is a proper radical ideal of A, as desired.
(2) We only need to prove "only if" part. Suppose that A is a strongly ISP-ring. As I is a finitely generated idempotent ideal, we get I = Ae for some idempotent element e ∈ A. Then A is isomorphic to I × C, where C = A(1 − e). Since A is a strongly ISP-ring, therefore I and C are also strongly ISP-rings, cf. We conclude by giving an example of a ring A that is a strongly ISP-ring while A ⊲⊳ I is not. 
